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Global Gevrey hypoellipticity for the twisted
Laplacian on forms
Wei-Xi Li, Alberto Parmeggiani and Yan-Lin Wang
Abstract. We study in this paper the global hypoellipticity property
in the Gevrey category for the generalized twisted Laplacian on forms.
Different from the 0-form case, where the twisted Laplacian is a scalar
operator, this is a system of differential operators when acting on forms,
each component operator being elliptic locally and degenerate globally.
We obtain here the global hypoellipticity in anisotropic Gevrey space.
Mathematics Subject Classification (2010). Primary 35H10; Secondary
35B65.
Keywords.Global Gevrey hypoellipticity, Twisted Laplacian, Anisotropic
Gevrey regularity.
1. Introduction and main results
The twisted Laplacian
L =
n∑
j=1
(
Dxj − yj/2
)2
+
n∑
j=1
(
Dyj + xj/2
)2
(where D = −i∂) is a magnetic Schro¨dinger operator on R2n ≃ Cn, corre-
sponding to the quantum-mechanical Hamiltonian of the motion of n particles
in the plane under the influence of a constant magnetic field perpendicular to
the plane itself. The importance of the twisted Laplacian L is well-known, in
that not only is it a model of Schro¨dinger operator with a constant magnetic
field, but it also describes the action of the reduced Heisenberg group. It is
closely connected to quantum harmonic oscillators in R2n and to the Kohn
sub-Laplacian on the Heisenberg group. Because of this, it has recently re-
ceived a good deal of interest, and up to now there have been extensive works
on it; see for instance [9, 10, 12, 13] and references listed therein.
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The twisted Laplacian L is well-known to be elliptic, but not globally
elliptic, since its symbol is given by
σ(L)(x, y, ξ, η) =
n∑
j=1
(ξj − yj/2)
2
+
n∑
j=1
(ηj + xj/2)
2
,
so that one cannot find a constant C such that
|σ(L)(x, y, ξ, η)| ≥ C
(
1 + ξ2 + η2 + x2 + y2
)
for ξ2+η2+x2+y2 large enough. Hence while its local regularity properties are
well understood, the corresponding global properties are not clear. There has
been considerable work concerned with the spectral and global properties, for
example the hypoellipticity in the Schwartz space or Gelfand-Shilov spaces
[3, 4], the spectrum and fundamental solutions [1, 2, 3, 7, 11], where the
key point is to construct the heat kernel and Green’s function of the twisted
Laplacian L using the Weyl and the Fourier-Wigner transforms of Hermite
functions. The global hypoellipticity in the Gevrey and analytic category for
the anisotropic twisted Laplacian
Lp,q =
n∑
j=1
(
Dxj − y
pj
j /2
)2
+
n∑
j=1
(
Dyj + x
qj
j /2
)2
=: −
n∑
j=1
(X2j + Y
2
j ),
where
Xj =
∂
∂xj
−
i
2
y
pj
j , Yj =
∂
∂yj
+
i
2
x
qj
j ,
with pj , qj ≥ 1, was obtained in [5].
In this paper we will investigate the global hypoellipticity in the Gevrey
class for the (anisotropic) twisted Laplacian acting on forms rather than func-
tions, and in this case we will have a system of linear partial differential oper-
ator. Precisely, we consider the magnetic vector potential A(x, y), represented
as a 1-form
ωA =
1
2
n∑
j=1
(
y
pj
j dxj − x
qj
j dyj
)
,
which gives rise to the magnetic field B(x, y), represented as a 2-form by
σB = dωA = −
1
2
n∑
j=1
(
pjy
pj−1
j +qjx
qj−1
j
)
dxj∧dyj =: −
n∑
j=1
M (j)p,q (x, y)dxj∧dyj .
Put
XA :=
1
2
n∑
j=1
(
y
pj
j
∂
∂xj
− x
qj
j
∂
∂yj
)
.
For 0 ≤ ℓ ≤ 2n a given integer, we denote from now on by ∧ℓL2, ∧ℓS ′, etc.
the ℓ forms with coefficients in L2, S ′, etc., respectively. Here we consider
the operators on ℓ-forms
DA := d− iωA ∧ · : ∧
ℓ
S
′ −→ ∧ℓ+1S ′,
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with formal adjoint given by
D∗A = d
∗ + i iXA : ∧
ℓ+1
S
′ −→ ∧ℓS ′,
where iXA denotes contraction by the vector field XA. Consider the sequences
of operators
. . .
DA−−→ ∧ℓS ′
DA−−→ ∧ℓ+1S ′
DA−−→ ∧ℓ+2S ′
DA−−→ . . . ,
. . .
D∗A−−→ ∧ℓ+2S ′
D∗A−−→ ∧ℓ+1S ′
D∗A−−→ ∧ℓS ′
D∗A−−→ . . .
Note that they do not form a differential complex since D2A 6= 0, the magnetic
form being non-zero and hence a curvature term. We may nevertheless define
the anisotropic twisted Laplacian of the complex as follows
Lp,q = DAD
∗
A +D
∗
ADA : ∧
ℓ
S
′ −→ ∧ℓS ′, (1.1)
which is a system of partial differential operators. In particular, when Lp,q
acts on functions one can easily see that
Lp,q = Lp,q =
n∑
j=1
(
Dxj − y
pj
j /2
)2
+
n∑
j=1
(
Dyj + x
qj
j /2
)2
.
Definition 1.1. Let σ = (σ1, · · · , σn) and τ = (τ1, · · · , τn) with σj , τj ≥ 1 for
each j. We denote by Gσ,τ the anisotropic Gevery space, which consists of all
the smooth functions u ∈ C∞(R2n) for which there exists a constant C such
that for all multi-indices α = (α1, · · · , αn), β = (β1, · · ·βn) ∈ Z+ such that∥∥∂αx ∂βy u∥∥L2 ≤ C1+|α|+|β|(α!)σ(β!)τ .
By ∧ℓGσ,τ we shall denote the ℓ-forms with values in Gσ,τ .
Note that G1,1,··· ,1 is just the space of global analytic functions in the
whole space R2n. We refer to [8] for more details on Gevrey spaces.
Definition 1.2. We say that, given an integer 1 ≤ ℓ ≤ 2n, a partial differential
operator P : ∧ℓS ′(R2n) −→ ∧ℓS ′(R2n) is globally ∧ℓGσ,τ -hypoelliptic in
R2n, if f ∈ ∧ℓL2(R2n) and Pf ∈ ∧ℓGσ,τ (R2n) implies f ∈ ∧ℓGσ,τ (R2n).
Our main result can be stated as follows.
Theorem 1.3. For all integers ℓ with 0 ≤ ℓ ≤ 2n, the twisted Laplacian
Lp,q∧
ℓS ′ −→ ∧ℓS ′ is globally ∧ℓGσ,τ -hypoelliptic in R2n, where (σj , τj), j =
1, 2, · · · , n are defined as follows:

(σj , τj) =
(
(pj + 1)/2, (qj + 1)/2
)
, pj = 1, or qj = 1;
σj = τj = max
{
(pj + 1)/2, (qj + 1)/2
}
, pj , qj ≥ 2, pj and qj are odd ;
σj = τj = max
{
(2pj + 2)/3, (2qj + 2)/3
}
, otherwise .
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Remark 1.4. Our result includes the global hypoellipticity property obtained
in [5] for ℓ = 0. As it will be seen below, the situation is quite different
and more delicate when the twisted Laplacian acts on forms rather than
the functions, and here we will have to deal with a system of degenerate
differential operators. Recall Lp,q is just a scalar operator for ℓ = 0.
The paper is organized as follows. In Section 2 we derive the represen-
tation of twisted Laplacian in terms of a system of differential operators.
Section 3 is devoted to proving the global hypoellipticity in Sobolev space
and Gevrey space for a family of parametric twisted Laplacians. The last sec-
tion is devoted to proving the main result, by exploiting the hypoellipticity
property of the twisted Laplacian with parameters.
2. The representation of the twisted laplacian as a system of
differential operators
This part is devoted to deriving the representation of Lp,q in terms of a system
of second order differential operators. We shall write a k-form h ∈ ∧kS ′ as
h =
∑
r+s=k
∑
|I|=r
|J|=s
′
hIJdxI ∧ dyJ ,
where I = (i1, . . . , ir), J = (j1, . . . , js), |I| = i1+ i2+ . . .+ ir and likewise for
|J | (when |I| = 0 there is no dxI and likewise when |J | = 0), the prime in the
summation means that we sum over I and J such that i1 < i2 < . . . < ir and
j1 < j2 < . . . < js, and finally dxI = dxi1 ∧ . . . ∧ dxir , dyJ = dj1 ∧ . . . ∧ dyjs .
By linearity, to compute Lp,q on ∧
kS ′ it therefore suffices to compute it on
h = hIJdxI ∧ dyJ . We have the following result.
Proposition 2.1. Let h = hIJdxI ∧ dyJ . Then
Lp,qh : = (D
∗
ADA +DAD
∗
A)h
= −
n∑
j=1
(X2j + Y
2
j )hIJdxI ∧ dyJ
+
n∑
j=1
M (j)p,q (x, y)hIJdyj ∧ i∂/∂xj (dxI) ∧ dyJ
− (−1)|I|
n∑
j=1
M (j)p,q (x, y)hIJdxj ∧ dxI ∧ i∂/∂yj (dyJ ),
where M
(j)
p,q (x, y) =
i
2 (qjx
qj−1
j + pjy
pj−1
j ), 1 ≤ j ≤ n. Hence, on ℓ-forms, we
have
Lp,q
∣∣∧
ℓ= Lp,q⊗ Id∧ℓ +
n∑
j=1
M (j)p,q (x, y)⊗
(
−dxj ∧ i∂/∂yj
∣∣∧
ℓ+dyj ∧ i∂/∂xj
∣∣∧
ℓ
)
,
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where, recall, Lp,q =
∑n
j=1
(
(Dxj−y
pj
j /2)
2+(Dyj+x
qj
j /2)
2
)
= −
∑n
j=1(X
2
j +
Y 2j ).
Proof. We start by recalling that for h = hIJdxI ∧dyJ we have, the operator
iX being a derivation,
d∗h = −
n∑
j=1
(∂hIJ
∂xj
i∂/∂xj (dxI ∧ dyJ) +
∂hIJ
∂yj
i∂/∂yj (dxI ∧ dyJ)
)
= −
n∑
j=1
(∂hIJ
∂xj
i∂/∂xj(dxI ) ∧ dyJ + (−1)
|I| ∂hIJ
∂yj
dxI ∧ i∂/∂yj (dyJ )
)
.
We therefore have that
D∗Ah = d
∗h+ iiXA(h)
= −
n∑
j=1
(
XjhIJi∂/∂xj(dxI) ∧ dyJ + (−1)
|I|YjhIJdxI ∧ i∂/∂yj (dyJ)
)
.
We thus have on the one hand
D∗ADAh
= −
n∑
j=1
(X2j + Y
2
j )hIJdxI ∧ dyJ
+
n∑
j,k=1
(XkXjhIJdxj +XkYjhIJdyj) ∧ i∂/∂xk(dxI) ∧ dyJ
+(−1)|I|
n∑
j,k=1
(YkXjhIJdxj + YkYjhIJdyj) ∧ dxI ∧ i∂/∂yk(dyJ),
and, on the other,
DAD
∗
Ah = −
n∑
j,k=1
XkXjhIJdxk ∧ i∂/∂xj (dxI) ∧ dyJ
+(−1)|I|
n∑
j,k=1
XkYjhIJdxk ∧ dxI ∧ i∂/∂yj (dyJ)
−
n∑
j,k=1
YkXjhIJdyk ∧ i∂/∂xj (dxI) ∧ dyJ
+(−1)|I|
n∑
j,k=1
YkYjhIJdyk ∧ dxI ∧ i∂/∂yj (dyJ ).
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Therefore
Lp,qh : = (D
∗
ADA +DAD
∗
A)h
= −
n∑
j=1
(X2j + Y
2
j )hIJdxI ∧ dyJ
+
n∑
j=1
M (j)p,q (x, y)hIJdyj ∧ i∂/∂xj (dxI) ∧ dyJ
−(−1)|I|
n∑
j=1
M (j)p,q (x, y)hIJdxj ∧ dxI ∧ i∂/∂yj(dyJ ),
and also
Lp,q
∣∣∧
ℓ= Lp,q⊗ Id∧ℓ +
n∑
j=1
M (j)p,q (x, y)⊗
(
−dxj ∧ i∂/∂yj
∣∣∧
ℓ+dyj ∧ i∂/∂xj
∣∣∧
ℓ
)
.
This concludes the proof. 
In particular, one may write very easily the action of Lp,q on 1-forms.
In fact, if f =
∑n
j=1(f
j
1dxj + f
j
2dyj) ∈ ∧
1S ′ from the above result we
immediately get
Lp,qf =
n∑
j=1
(Lp,qf
j
1−M
(j)
p,q (x, y)f
j
2 )dxj+
n∑
j=1
(Lp,qf
j
2+M
(j)
p,q (x, y)f
j
1 )dyj . (2.1)
To simplify the notation we shall only consider the case of dimension
n = 1 with Lp,q acting on one forms, i.e., ℓ = 1. Due to the nature of Lp,q,
this is no loss of generality in our proof.
In this case, from (2.1) equation Lp,qf = g1dx+g2dy becomes the system{
Lp,qf1 −Mp,qf2 = g1
Lp,qf2 +Mp,qf1 = g2.
(2.2)
3. Twisted Laplacian with parameters
We study in this section the twisted Laplacian with parameters, and obtain
estimates in H∞ and in Gevrey spaces for the auxiliary parametric family
attached to the original Lp,q. Here the large parameter plays a crucial role to
derive a priori estimates (see Subsection 3.1 below).
Given λ > 0, we set Zλ = (Z1,λ, Z2,λ) , where Zj,λ, j = 1, 2, are the
first-order operators defined by
Z1,λ = Dx −
λp+1
2
yp, Z2,λ = Dy +
λq+1
2
xq.
We write the twisted Laplacian with parameter as follows
Lp,q;λ =
2∑
j=1
Z2j,λ =
(
Dx −
λp+1
2
yp
)2
+
(
Dy +
λq+1
2
xq
)2
, (3.1)
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Note that Zj,λ, j = 1, 2, are (formally) self-adjoint (unbounded) operators in
L2(R2), with common core S (R2). In addition, we introduce the polynomial
term with parameter Mp,q;λ defined by
Mp,q;λ =
i
2
(qλq+1xq−1 + pλp+1yp−1). (3.2)
Then the representation of Lp,q in (2.1) and equation (2.2) with parameters
can be written respectively as
Lp,q,λf = λ (Lp,q,λf1 −Mp,q,λf2) dx+ λ (Lp,q,λf2 +Mp,q,λf1) dy, (3.3)
and {
Lp,q;λf1λ −Mp,q;λf2λ = g1λ
Lp,q;λf1λ +Mp,q;λf2λ = g2λ,
(3.4)
where
fjλ(x, y) = fj(λx, λy), gjλ = λ
2gj(λx, λy), j = 1, 2.
Next, given k ∈ N, we consider the space
Hk =
{
u ∈ S ′(R2); ∀ |α|+ |β| ≤ k, DαxD
β
yu ∈ L
2
}
,
and
HkZλ =
{
u ∈ S ′(R2); ∀ |α|+ |β| ≤ k, Zj,λD
α
xD
β
yu ∈ L
2, j = 1, 2
}
.
Note that
Hk+1
⋂
HkZλ ⊂
{
u; ∀ |α|+ |β| ≤ k, 〈x〉
q
DαxD
β
yu, 〈y〉
p
DαxD
β
yu ∈ L
2
}
(where 〈x〉 = (1 + |x|2)1/2, and analogously for 〈y〉). We shall write
H∞ =
⋂
k≥1
Hk, H∞Zλ =
⋂
k≥1
HkZλ ,
and ∥∥Zλg∥∥L2 =
(∥∥Z1,λg∥∥2L2 + ∥∥Z2,λg∥∥2L2
)1/2
.
Furthermore, recall that Baker-Campbell-Hausdorff formula gives (see
Nier [6, Lemma 4.14])
∀v ∈ S (R2), ∀I = (i1, · · · , ik) ∈ {1, 2}
k
,
∥∥ |ZI,λ|1/|I| v∥∥L2 ≤ C∗
2∑
j=1
∥∥Zj,λv∥∥L2 + C∗∥∥v∥∥L2 ,
where C∗ is some constant independent of λ, |I| =length of the commutator,
ZI,λ being the commutator
ZI,λ = [Zi1,λ, [Zi2,λ, · · · , [Zik−1,λ, Zik,λ] ] ].
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In particular, we have that
∀v ∈ S (R2), ∀λ > 0,
∥∥λv∥∥
L2
+
∥∥|λp+1yp−1 + λq+1xq−1|1/2u∥∥
L2
≤ C∗
2∑
j=1
∥∥Zj,λv∥∥L2 + C∗∥∥v∥∥L2 ,
and that, when p, q ≥ 2, for any given v ∈ S (R2) and any given λ > 0,
∥∥λ(p+1)/3y(p−2)/3v∥∥
L2
+
∥∥λ(q+1)/3x(q−2)/3v∥∥
L2
≤ C∗
2∑
j=1
∥∥Zj,λu∥∥L2+C∗∥∥v∥∥L2 .
Consequently, we can find two positive constants C and λ0 ≥ 1, both de-
pending only on the above C∗, such that ∀ v ∈ S (R
2) and ∀ λ ≥ λ0,
∥∥ (λp+1yp−1 + λq+1xq−1)1/2 v∥∥
L2
+
∥∥λv∥∥
L2
≤ C
2∑
j=1
∥∥Zj,λv∥∥L2 , (3.5)
and, when p, q ≥ 2,
∥∥λ p+13 y p−23 v∥∥
L2
+
∥∥λ q+13 x q−23 v∥∥
L2
≤ C
2∑
j=1
∥∥Zj,λv∥∥L2 . (3.6)
3.1. An a priori estimate
Here we will prove an a priori estimate, which is crucial for the global hy-
poellipiticity in Gevrey spaces as well as in the space H∞. In what follows
we set
∑n
j=k = 0 whenever n < k.
Proposition 3.1. Let p, q ≥ 1 and Lp,q;λ andMp,q;λ be the operator respectively
given in (3.1) and (3.2). Then there exists a constant C0 > 0, depending only
on p, q and the constant C given in (3.5), such that, for every integer m ≥ 1
and any given f1, f2 ∈ H
∞
⋂
H∞Zλ , we have:
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(i) If p, q ≥ 2 then
2∑
i=1
∥∥λDmx fi∥∥L2 +
2∑
i=1
∥∥λDmy fi∥∥L2 +
2∑
i=1
∥∥ZλDmx fi∥∥L2 +
2∑
i=1
∥∥ZλDmy fi∥∥L2
≤ C0
(∥∥Dmy (Lp,q;λf1 −Mp,q;λf2)∥∥L2 + ∥∥Dmx (Lp,q;λf1 −Mp,q;λf2)∥∥L2)
+ C0
(∥∥Dmy (Lp,q;λf1 +Mp,q;λf2)∥∥L2 + ∥∥Dmx (Lp,q;λf1 +Mp,q;λf2)∥∥L2)
+ C0λ
p+q
2∑
i=1
(
mAp,q
∥∥ZλDm−1x fi∥∥L2 +mBp,q∥∥ZλDm−1y fi∥∥L2)
+ C0λ
p+q
2∑
i=1
(
m!
(2q)!(m− 2q)!
∥∥λDm−2qx fi∥∥L2 + m!(2p)!(m− 2p)!
∥∥λDm−2py fi∥∥L2
)
+ C0λ
p+q
2∑
i=1

2q−1∑
j=2
m!
(m− j)!
∥∥ZλDm−jx fi∥∥L2 +
2p−1∑
j=2
m!
(m− j)!
∥∥ZλDm−jy fi∥∥L2


+ C0λ
p+q
2∑
i=1

2q−1∑
j=2
m!
(m− j)!
∥∥λDm−jx fi∥∥L2 +
2p−1∑
j=2
m!
(m− j)!
∥∥λDm−jy fi∥∥L2


+ C0λ
p+q
2∑
i=1

2q−1∑
j=2
m!
(m− j)!
∥∥λDm−j+1x fi∥∥L2 +
2p−1∑
j=2
m!
(m− j)!
∥∥λDm−j+1y fi∥∥L2


+ C0λ
p+q
2∑
i=1

 q∑
j=3
(m− 1)!
(m− j)!
∥∥ZλDm−j+1x fi∥∥L2 +
p∑
j=3
(m− 1)!
(m− j)!
∥∥ZλDm−j+1y fi∥∥L2


+ C0λ
p+q
2∑
i=1

 q∑
j=3
(m− 1)!
(m− j)!
∥∥λDm−j+2x fi∥∥L2 +
p∑
j=3
(m− 1)!
(m− j)!
∥∥λDm−j+2y fi∥∥L2

 ,
(3.7)
the exponents A(p, q) and B(p, q) in the forth line being given by{
A(p, q) = q+12 , B(p, q) =
p+1
2 , when both p and q are odd,
A(p, q) = 2q+23 , B(p, q) =
2p+2
3 , otherwise.
(ii) If p ≥ 1 and q = 1, then
2∑
i=1
∥∥λDmx fi∥∥L2 +
2∑
i=1
∥∥ZλDmx fi∥∥L2
≤ C0
∥∥Dmx (Lp,q;λf1 −Mp,q;λf2)∥∥L2
+ C0
∥∥Dmx (Lp,q;λf2 +Mp,q;λf1)∥∥L2
+ C0λ
qm
2∑
i=1
∥∥λDm−1x fi∥∥L2 + C0λqm2
2∑
i=1
∥∥λDm−2x fi∥∥L2 ,
(3.8)
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and
2∑
i=1
∥∥λDmy fi∥∥L2 +
2∑
i=1
∥∥ZλDmy fi∥∥L2
≤ C0
∥∥Dmx (Lp,q;λf1 −Mp,q;λf2)∥∥L2
+ C0
∥∥Dmx (Lp,q;λf2 +Mp,q;λf1)∥∥L2
+ C0
2∑
i=1
∥∥λDmx fi∥∥L2
+ C0λ
p
2∑
i=1
(
m(p+1)/2
∥∥ZλDm−1y fi∥∥L2 + m!(2p)!(m− 2p)!
∥∥λDm−2py fi∥∥L2
)
+ C0λ
p
2∑
i=1
2p−1∑
j=2
m!
(m− j)!
(∥∥ZλDm−jy fi∥∥L2 + ∥∥λDm−jy fi∥∥L2)
++C0λ
p
2∑
i=1
2p−1∑
j=2
m!
(m− j)!
(∥∥λDm−j+1y fi∥∥L2 + ∥∥λDm−j+1x fi∥∥L2) .
(3.9)
This proposition can be deduced from the following series of lemmas.
Lemma 3.2. Let p, q ≥ 1 and let Lp,q;λ and Mp,q;λ be the operator respectively
given in (3.1)and (3.2). Then there exists a constant C0, depending only on
p, q and the constant C given in (3.5), such that for every integer m ≥ 1 and
any given f1, f2 ∈ H
∞
⋂
H∞Zλ , we have∥∥λDmy f1∥∥L2 + ∥∥ZλDmy f1∥∥L2
≤ C0
∥∥Dmy (Lp,q;λf1 −Mp,q;λf2)∥∥L2
+ C0m
∥∥λp+1yp−1Dm−1y f1∥∥L2
+ C0m
∥∥λp+1yp−1Dm−1y f2∥∥L2 + C0mλp∥∥λDm−1y f2∥∥L2
+ C0λ
p m!
(2p)!(m− 2p)!
∥∥λDm−2py f1∥∥L2
+ C0
2p−1∑
j=2
m!
j!(m− j)!
∥∥λp+1yδjDm−jy f1∥∥L2
+ C0
p∑
j=3
(m− 1)!
j!(m− j)!
∥∥λp+1yρjDm−j+1y f1∥∥L2
+ C0
p−1∑
j=2
(m− 1)!
j!(m− j)!
∥∥λp+1yηjDm−jy f2∥∥L2
+ C0
1
λ
∥∥ZλDmy f2∥∥L2 ,
(3.10)
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where δj , ρj , ηj ∈ {1, 2, · · · , p− 1}. Similarly we have∥∥λDmx f1∥∥L2 + ∥∥ZλDmx f1∥∥L2
≤ C0
∥∥Dmx (Lp,q;λf1 −Mp,q;λf2)∥∥L2
+ C0m
∥∥λq+1xq−1Dm−1x f1∥∥L2
+ C0m
∥∥λq+1xq−1Dm−1x f2∥∥L2 + C0mλq∥∥λDm−1x f2∥∥L2
+ C0λ
q m!
(2p)!(m− 2p)!
∥∥λDm−2qx f1∥∥L2
+ C0
2q−1∑
j=2
m!
j!(m− j)!
∥∥λq+1xδjDm−jx f1∥∥L2
+ C0
q∑
j=3
(m− 1)!
j!(m− j)!
∥∥λq+1xρjDm−j+1x f1∥∥L2
+ C0
q−1∑
j=2
(m− 1)!
j!(m− j)!
∥∥λq+1xηjDm−jx f2∥∥L2
+ C0
1
λ
∥∥ZλDmx f2∥∥L2 ,
(3.11)
where δj , ρj , ηj ∈ {1, 2, · · · , p− 1} .
Proof. Here we only prove (3.10) since (3.11) can be handled in a similar
way. In the sequel Cp will denote different suitable constants depending only
on p and the constant C in (3.5). Leibniz formula gives
Lp,q;λD
m
y f1 −Mp,q;λD
m
y f2
= Dmy [Lp,q;λf1 −Mp,q;λf2]
−
2p∑
j=1
(
m
j
)(
Djy
(
λ2(p+1)y2p/4
)
−Djy
(
λp+1yp
)
Dx
)
Dm−jy f1
+
i
2
p−1∑
j=1
(
m
j
)(
Djy
(
pλp+1yp−1
))
Dm−jy f2.
Furthermore, a direct computation of the terms in the parentheses of the
above equality shows that
Djy
(
λ2(p+1)y2p/4
)
−Djy
(
λp+1yp
)
Dx
=


iλp+1pyp−1
(
Dx − λ
p+1yp/2
)
, j = 1,
ap,jλ
p+1yp−j
(
Dx − λ
p+1yp/2
)
+ bp,jλ
2(p+1)y2p−j , 2 ≤ j ≤ p,
cp,jλ
2(p+1)y2p−j , p < j ≤ 2p,
and
Djy
(
pλp+1yp−1
)
=
{
p(p− 1)λp+1yp−2, j = 1,
dp,jλ
p+1yp−1−j , 2 ≤ j ≤ p− 1,
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where ap,j , bp,j, cp,j , dp,j are constants depending only on p and j such that
2(|ap,j |+ |bp,j|+ |cp,j |+ |dp,j |) ≤ Cp. (3.12)
Then
Lp,q;λD
m
y f1 −Mp,q;λD
m
y f2
= Dmy [Lp,q;λf1 −Mp,q;λf2]
−impλp+1yp−1
(
Dx − λ
p+1yp/2
)
Dm−1y f1
−
p∑
j=2
(
m
j
)
ap,jλ
p+1yp−j
(
Dx − λ
p+1yp/2
)
Dm−jy f1
−
p∑
j=2
(
m
j
)
λ2(p+1)bp,jy
2p−jDm−jy f1
−
2p∑
j=p+1
(
m
j
)
λ2(p+1)cp,jy
2p−jDm−jy f1
+
i
2
mp(p− 1)λp+1yp−2Dm−1y f2
+
i
2
p−1∑
j=2
(
m
j
)
dp,jλ
p+1yp−1−jDm−jy f2.
Taking the L2-inner product with Dmy f1 on both sides of the above equality
and by virtue of (3.5), one has
∥∥λDmy f1∥∥2 + ∥∥(Dx − λp+1yp/2)Dmy f1∥∥2 + ∥∥(Dy + λq+1xq/2)Dmy f1∥∥2
≤ Cp
∑
1≤j≤8
|Ij |,
(3.13)
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where
I1 =
(
Dmy [Lp,q;λf1 −Mp,q;λf2], D
m
y f1
)
L2
,
I2 = −im p
(
λp+1yp−1
(
Dx − λ
p+1yp/2
)
Dm−1y f1, D
m
y f1
)
L2
,
I3 = −
p∑
j=2
(
m
j
)
ap,j
(
λp+1yp−j
(
Dx − λ
p+1yp/2
)
Dm−jy f1, D
m
y f1
)
L2
,
I4 = −
p∑
j=2
(
m
j
)
bp,j
(
λ2(p+1)y2p−jDm−jy f1, D
m
y f1
)
L2
,
I5 = −
2p∑
j=p+1
(
m
j
)
cp,j
(
λ2(p+1)y2p−jDm−jy f1, D
m
y f1
)
L2
I6 =
i
2
mp(p− 1)
(
λp+1yp−2Dm−1y f2, D
m
y f1
)
L2
I7 =
i
2
p−1∑
j=2
(
m
j
)
dp,j
(
λp+1yp−1−jDm−jy f2, D
m
y f1
)
L2
I8 =
(
Mp,q;λD
m
y f2, D
m
y f1
)
L2
.
By (3.12), using the Cauchy-Schwarz inequality one has that for any given
ε > 0 there exists a constant Cε,p, depending only on ε and p, such that
|I1| ≤
∥∥Dmy [Lp,q;λf1 −Mp,q;λf2]∥∥L2∥∥Dmy f1∥∥L2
≤ ε
∥∥λDmy f1∥∥2L2 + λ−1Cε,p∥∥Dmy [Lp,q;λf1 −Mp,q;λf2]∥∥2L2 ,
and
|I2|+ |I3| ≤ ε
∥∥(Dx − λp+1yp/2)Dmy f1∥∥2 + Cε,pm2∥∥λp+1yp−1Dm−1y f1∥∥2L2
+Cε,p
p∑
j=2
(
m
j
)2∥∥λp+1yp−jDm−jy f1∥∥2L2 .
As for the term I4 we have
|I4| ≤ Cpm
2
∥∥λp+1yp−1Dm−1y f1∥∥2L2
+Cp
p∑
j=2
(
(m− 1)!
j!(m− j)!
)2 ∥∥λp+1yp−jDm−jy f1∥∥2L2
+Cp
p∑
j=3
(
(m− 1)!
j!(m− j)!
)2 ∥∥λp+1yp−j+1Dm−j+1y f1∥∥2L2 ,
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which can be deduced from the following integration by parts
I4 = −
p∑
j=2
(
m
j
)
bp,j
((
Dy(λ
2(p+1)y2p−j)
)
Dm−jy f1, D
m−1
y f1
)
L2
−
p∑
j=2
(
m
j
)
bp,j
(
λ2(p+1)y2p−jDm−j+1y f1, D
m−1
y f1
)
L2
= −
p∑
j=2
(
m
j
)
bp,j(2p− j)
(
λ2(p+1)y2p−j−1Dm−jy f1, D
m−1
y f1
)
L2
−bp,2
m(m− 1)
2
∥∥λp+1yp−1Dm−1y f1∥∥2L2
−
p∑
j=3
(
m
j
)
bp,j
(
λ2(p+1)y2p−jDm−j+1y f1, D
m−1
y f1
)
L2
.
Similarly we get for I5 that
|I5| ≤ Cpm
2
∥∥λp+1Dm−1y f1∥∥2L2
+Cp
2p∑
j=p+1
(
(m− 1)!
j!(m− j)!
)2 ∥∥λp+1y2p−jDm−jy f1∥∥2L2
+Cp
2p∑
j=p+1
(
(m− 1)!
j!(m− j)!
)2 ∥∥λp+1yp−j+1Dm−j+1y f1∥∥2L2 .
As regards the term I6, when p = 1 it vanishes. We may therefore consider
I6 when p ≥ 2 and have
|I6| ≤ mp(p− 1)
∥∥Dmy f1∥∥L2∥∥λp+1yp−2Dm−1y f2∥∥L2
≤ ε
∥∥λDmy f1∥∥2L2 +m2Cε,p∥∥λp+1yp−2Dm−1y f2∥∥2L2
≤ ε
∥∥λDmy f1∥∥2L2 +m2Cε,pλ2p∥∥λDm−1y f2∥∥2L2
+m2Cε,p
∥∥λp+1yp−1Dm−1y f2∥∥2L2 ,
the last inequality holding because
m2
∥∥λp+1yp−2Dm−1y f2∥∥2L2
= m2
(∫
|y|≤1
+
∫
|y|>1
)
λ2(p+1)y2(p−2)|Dm−1y f2|
2dxdy
≤ m2
∫
|y|>1
λ2(p+1)y2(p−1)|Dm−1y f2|
2dxdy
+m2
∫
|y|≤1
λ2(p+1)|Dm−1y f2|
2dxdy
≤ m2λ2p
∥∥λDm−1y f2∥∥2L2 +m2∥∥λp+1yp−1Dm−1y f2∥∥2L2 .
Global Gevrey hypoellipticity for the twisted Laplacian 15
By arguing as for the term I1 we estimate the term I7 as
|I7| ≤ Cp
p−1∑
j=2
(
m
j
)∥∥λp+1yp−1−jDm−jy f2∥∥L2∥∥λDmy f1∥∥L2
≤ ε
∥∥λDmy f1∥∥2L2 + Cε,p
p−1∑
j=2
(
m
j
)2∥∥λp+1yp−1−jDm−jy f2∥∥2L2 .
Finally, for the term I8 we have
|I8| =
∣∣∣ i
2
∫ (
qλq+1xq−1 + pλp+1xp−1
)
Dmy f2D
m
y f1dxdy
∣∣∣
≤ Cp,q
∫
|λq+1xq−1 + λp+1xp−1||Dmy f2||D
m
y f1|dxdy
≤ Cp,q
∥∥λ|λq+1xq−1 + λp+1xp−1| 12Dmy f1∥∥L2
×
∥∥ 1
λ
|λq+1xq−1 + λp+1xp−1|
1
2Dmy f2
∥∥
L2
≤ ελ2
∥∥|λq+1xq−1 + λp+1xp−1| 12Dmy f1∥∥2L2
+Cp,q,ε
1
λ2
∥∥|λq+1xq−1 + λp+1xp−1| 12Dmy f2∥∥2L2
≤ ελ2C
∥∥ZλDmy f1∥∥2L2 + Cp,q,ε 1λ2C
∥∥ZλDmy f2∥∥2L2 ,
where Cp,q and Cp,q,ε are constants respectively depending only on p, q and
p, q, ε. The last inequality follows from (3.5).
Combining the estimates of I1, I2, · · · , I8 and (3.13), the result (3.10)
follows immediately if we let ε above be sufficiently small (such that ε ≤ 1λ4 )
and λ large enough. The proof is thus complete. 
Lemma 3.3. Let p, q ≥ 1 and let Lp,q;λ and Mp,q;λ be the operator respectively
given in (3.1) and (3.2). There exists a constant C0, depending only on p, q
and the constant C given in (3.5), such that for every integer m ≥ 1 and any
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given f1, f2 ∈ H
∞
⋂
H∞Zλ , we have∥∥λDmy f2∥∥L2 + ∥∥ZλDmy f2∥∥L2
≤ C0
∥∥Dmy (Lp,q;λf2 +Mp,q;λf1)∥∥L2
+ C0m
∥∥λp+1yp−1Dm−1y f2∥∥L2
+ C0m
∥∥λp+1yp−1Dm−1y f1∥∥L2 + C0mλp∥∥λDm−1y f1∥∥L2
+ C0λ
p m!
(2p)!(m− 2p)!
∥∥λDm−2py f2∥∥L2
+ C0
2p−1∑
j=2
m!
j!(m− j)!
∥∥λp+1yδjDm−jy f2∥∥L2
+ C0
p∑
j=3
(m− 1)!
j!(m− j)!
∥∥λp+1yρjDm−j+1y f2∥∥L2
+ C0
p−1∑
j=2
(m− 1)!
j!(m− j)!
∥∥λp+1yηjDm−jy f1∥∥L2
+ C0
1
λ
∥∥ZλDmy f1∥∥L2 ,
(3.14)
where δj , ρj , ηj ∈ {1, 2, · · · , p− 1} . Similarly we have∥∥λDmx f2∥∥L2 + ∥∥ZλDmx f2∥∥L2
≤ C0
∥∥Dmx (Lp,q;λf2 +Mp,q;λf1)∥∥L2
+ C0m
∥∥λq+1xq−1Dm−1x f2∥∥L2
+ C0m
∥∥λq+1xq−1Dm−1x f1∥∥L2 + C0mλq∥∥λDm−1x f1∥∥L2
+ C0λ
q m!
(2p)!(m− 2p)!
∥∥λDm−2qx f2∥∥L2
+ C0
2q−1∑
j=2
m!
j!(m− j)!
∥∥λq+1xδjDm−jx f2∥∥L2
+ C0
q∑
j=3
(m− 1)!
j!(m− j)!
∥∥λq+1xρjDm−j+1x f2∥∥L2
+ C0
q−1∑
j=2
(m− 1)!
j!(m− j)!
∥∥λq+1xηjDm−jx f1∥∥L2
+ C0
1
λ
∥∥ZλDmx f1∥∥L2 ,
(3.15)
where δj , ρj , ηj ∈ {1, 2, · · · , p− 1}.
Proof. The proof is similar to that of Lemma 3.2 and will be omitted. 
We next recall the following three lemmas, which have been proven by
W.-X. Li and A. Parmeggiani in [5].
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Lemma 3.4. Let q = 1, p ≥ 1. For any given ε > 0, there exists a constant
Cε, which depends only on ε, p and the constant C in (3.5), such that for
every m ≥ 1 and any v ∈ H∞ we have
m
∥∥λp+1yp−1Dm−1y v∥∥L2
≤ ε
∥∥λDmx v∥∥+ ε∥∥λDmy v∥∥+ Cεmλp∥∥λDm−1y v∥∥
+ Cελm
(p+1)/2
∥∥ZλDm−1y v∥∥.
(3.16)
Lemma 3.5. Let p, q ≥ 2. Then for any given ε > 0, there exists a constant
Cε, which depends only on ε, p and the constant C in (3.6), such that for
every m ≥ 1 and all v ∈ H∞ we have
m
∥∥λp+1yp−1Dm−1y v∥∥L2 ≤ε (∥∥Dmy v∥∥L2 + ∥∥Dmx v∥∥L2)
+ Cελ
pm(2p+2)/3
∥∥ZλDm−1y v∥∥L2 . (3.17)
In particular, if both p and q are odd then
m
∥∥λp+1yp−1Dm−1y v∥∥L2 ≤ε (∥∥Dmy v∥∥L2 + ∥∥Dmx v∥∥L2)
+ Cελ
pm(p+1)/2
∥∥ZλDm−1y v∥∥L2 . (3.18)
Lemma 3.6. For any given k, ℓ with ℓ ≤ p− 1 and 2 ≤ k ≤ m, we have∥∥λp+1yℓDm−ky v∥∥L2 ≤Cp (∥∥ZλDm−ky v∥∥L2 + ∥∥Dm−k+1x v∥∥L2)
+ Cp
(∥∥Dm−k+1y v∥∥L2 + λp∥∥λDm−ky v∥∥L2) . (3.19)
Proof of Proposition 3.1. The first conclusion for p, q ≥ 2 in Proposition 3.1
follows from (3.10), (3.11), (3.14), (3.15), (3.17), (3.18) and(3.19) when we
take λ large enough. The second conclusion is just a consequence of (3.10),
(3.11), (3.14), (3.15) and (3.16) for λ sufficiently large. This ends the proof.

3.2. Global Gevrey hypoellipticity
By Proposition 3.1 we can follow the arguments in [5, Proposition 4.1] to
conclude that f ∈ H∞ whenever Lp,qf ∈ H
∞. For the H∞-solution
[
f1
f2
]
of the system (2.2), we get the following two properties, which yield the global
∧
ℓGσ,τ -hypoellipticity.
Proposition 3.7. Let p, q ≥ 2 and let Lp,q;λ be the operator given in (3.3).
Denote
σ =
{
max {(p+ 1)/2, (q + 1)/2} , if both p and q are odd ;
max {(2p+ 2)/3, (2q + 2)/3} , otherwise .
Suppose f1, f2 ∈ H
∞
⋂
H∞Zλ be such that{
Lp,qf1 −Mp,qf2 = g1
Lp,qf2 +Mp,qf1 = g2,
where g1, g2 ∈ C
∞ satisfy the condition
∀k ∈ Z+,
∥∥Dkxgi∥∥L2 + ∥∥Dkygi∥∥L2 ≤Mk+11 (k!)σ , i = 1, 2,
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for some constant M1. Then there exists a constant C0, depending only on
p, q,M1 and the constant C given in (3.5), such that for given m ≥ 1, if
∀ k ≤ m− 1,
2∑
i=1
∥∥λDkxfi∥∥L2 +
2∑
i=1
∥∥λDkyfi∥∥L2 +
2∑
i=1
∥∥ZλDkxfi∥∥L2 +
2∑
i=1
∥∥ZλDkyfi∥∥L2
≤ λ(p+q)kMk+1 (k!)
σ
for some constant M ≥M1, then
2∑
i=1
∥∥λDmx fi∥∥L2 +
2∑
i=1
∥∥λDmy fi∥∥L2 +
2∑
i=1
∥∥ZλDmx fi∥∥L2 +
2∑
i=1
∥∥ZλDmy fi∥∥L2
≤ C0λ
(p+q)mMm (m!)σ .
As a consequence, if we choose M ≥ M1 + C0 +
∑2
i=1
∥∥fi∥∥L2 , then we have
by induction that, ∀ k ≥ 0,
2∑
i=1
∥∥λDkxfi∥∥L2 +
2∑
i=1
∥∥λDkyfi∥∥L2 +
2∑
i=1
∥∥ZλDkxfi∥∥L2 +
2∑
i=1
∥∥ZλDkyfi∥∥L2
≤ λ(p+q)kMk+1 (k!)σ ,
and thus Lp,q;λ : ∧
1 S ′ −→ ∧1S ′ is globally ∧1Gσ,σ-hypoelliptic in R2.
Proof. Proposition 3.1 yields immediately the result by induction. 
Similarly we have the following proposition.
Proposition 3.8. Let q = 1 and p ≥ 1, and let Lp,q;λ be the operator given in
(3.3). Suppose f1, f2 ∈ H
∞
⋂
H∞Zλ such that{
Lp,qf1 −Mp,qf2 = g1
Lp,qf2 +Mp,qf1 = g2,
with g1, g2 ∈ C
∞ satisfying the condition
∀k, s ∈ Z+,
∥∥DkxDsygi∥∥L2 ≤Mk+s+11 k! (s!)(p+1)/2 , i = 1, 2,
for some constant M1. Then there exists a constant C0, depending only on
p, q,M1 and the constant C given in (3.5), such that for given m ≥ 2p+ 2q,
if
∀ k ≤ m− 1,
2∑
i=1
∥∥λDkxfi∥∥L2 +
2∑
i=1
∥∥ZλDkxfi∥∥L2 ≤ λkMk+1k!,
2∑
i=1
∥∥λDkyfi∥∥L2 +
2∑
i=1
∥∥ZλDkyfi∥∥L2 ≤ λpkMk+1 (k!)(p+1)/2 ,
for some constant M ≥M1, then
2∑
i=1
∥∥λDmx fi∥∥L2 +
2∑
i=1
∥∥ZλDmx fi∥∥L2 ≤ C0λmMmm!
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and
2∑
i=1
∥∥λDmy fi∥∥L2 +
2∑
i=1
∥∥ZλDmy fi∥∥L2 ≤ C0λpmMm (m!)(p+1)/2 .
As a consequence, Lp,q;λ : ∧
1S ′ −→ ∧1S ′ is globally ∧1G1,(p+1)/2-hypoelliptic
in R2.
4. Proof of the main result Theorem 1.3
The main result can be deduced from the following proposition.
Proposition 4.1. Let 0 ≤ ℓ ≤ 2n. Let Lp,q;λ : ∧
ℓ S ′ −→ ∧ℓS ′ and Lp,q : ∧
ℓ
S ′ −→ ∧ℓS ′ be the twisted Laplacians defined above. Then Lp,q is globally
∧
ℓGσ-hypoelliptic (resp. ∧ℓHm-hypoelliptic) in R2n if Lp,q;λ is globally ∧
ℓGσ-
hypoelliptic (resp. ∧ℓHm-hypoelliptic) in R2n.
Proof. We give a proof in the case ℓ = 1, n = 1 just for the sake of notational
simplicity. Let f1, f2 ∈ L
2(R2) be a solution of system (2.2) for g1, g2 ∈
C∞(R2). Then, with g1, g2 ∈ G
σ, resp. g1, g2 ∈ H
m, and f1λ, f2λ, g1λ, g2λ the
rescaled versions with parameters satisfying system (3.4), ∀α ∈ Z2+ we get∥∥Dαfiλ∥∥L2 = λ−1+|α|∥∥Dαfi∥∥L2 , ∥∥Dαgiλ∥∥L2 = λ1+|α|∥∥Dαgi∥∥L2 ,∥∥Zj,λDαfiλ∥∥L2 = λ|α|∥∥Zj,1Dαfi∥∥L2 ,
and ∥∥Mp,q;λDαfiλ∥∥L2 = λ1+|α|∥∥Mp,qDαfi∥∥L2 ,
with i = 1, 2 and j = 1, 2. A direct check shows that the global ∧ℓGσ-
hypoellipticity (resp. ∧ℓHm-hypoellipticity) of Lp,q is deduced from that of
Lp,q,λ. This ends the proof. 
References
[1] P. Boggiatto, E. Buzano, L. Rodino, Global Hypoellipticity and Spectral Theory.
Akademie Verlag (1996)
[2] V. Catana˘, The generalized twisted bi-Laplacian and its spectral properties.
Complex Var. Elliptic Equ. 62 (2017), no. 6, 814-824.
[3] A. Dasgupta and M. W. Wong. Essential self-adjointness and global hypoelliptic-
ity of the twisted Laplacian. Rend. Semin. Mat. Univ. Politec. Torino 66 (2008),
75–85.
[4] T. Gramchev, G. Tranquilli, Hypoellipticity and solvability in Gelfand-Shilov
spaces for twisted Laplacian type operators. C. R. Acad. Bulgare Sci. 67 (2014),
no. 9, 1193-1200.
[5] W.-X. Li. and A. Parmeggiani Global Gevrey hypoellipticity for twisted Lapla-
cians. J. Pseudo-Differ. Oper. Appl.4 (2013), 279-296.
20 W.-X. Li, A.Parmeggiani and Y.-L. Wang
[6] F. Nier. Hypoellipticity for Fokker-Planck operators and Witten Laplacians.
Lectures on the analysis of nonlinear partial differential equations. Part 1, 31-
84, Morningside Lect. Math., 1, Int. Press, Somerville, MA, 2012.
[7] H. Koch and F. Ricci. Spectral projections for the twisted Laplacian. Studia
Math. 180 (2007), 103–110.
[8] L. Rodino, Linear Partial Differential Operators in Gevrey Class.Scientific, Sin-
gapore(1993).
[9] S. Thangavelu. Lectures on Hermite and Laguerre Expansions. Mathematical
Notes 42, Princeton University Press. Princeton 1993.
[10] S. Thangavelu, Harmonic Analysis on the Heisenberg Group, Birkha¨user
(1998).
[11] J. Tie. The twisted Laplacian on Cn and the Sub-Laplacian on Hn. Comm.
Partial Differential Equations 31 (2006), 1047–1069
[12] M. W. Wong. The heat equation for the Hermite operator on the Heisenberg
group. Hokkaido Math. J. 34 (2005), 393–404.
[13] M. W. Wong, Weyl transforms, the heat kernel and Green function of a degen-
erate elliptic operator. Ann. Glob. Anal. Geom. 28 (2005), 271-283
Wei-Xi Li
School of Mathematics and Statistics, and Computational Science Hubei Key Lab-
oratory, Wuhan University, Wuhan 430072, China
e-mail: wei-xi.li@whu.edu.cn
Alberto Parmeggiani
Department of Mathematics, University of Bologna, Piazza di Porta San Donato 5,
40126 Bologna, Italy
e-mail: alberto.parmeggiani@unibo.it
Yan-Lin Wang
School of Mathematics and Statistics, Wuhan University, Wuhan 430072, China
e-mail: wangyanlin@whu.edu.cn
